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Neutron dripline calculations for both magnesium nuclei and magnesium + Λ hypernuclei have
been carried out in a microscopic framework using a chiral effective model. The results are com-
pared with two other relativistic mean field models, SPL-40 and NL3. All three models describe
the Λ separation energy of known hypernuclei adequately. The extrapolation to the driplines for
moderately heavy hypernuclei are found to be strongly model-dependent.
PACS numbers:
I. INTRODUCTION
Hypernuclei are of particular interest in nuclear physics
and nuclear astrophysics. Hyperons, consisting of up,
down and strange quarks, have a very short life time on
the weak-interacton timescale (∼ 10−10s) and can form
a bound system with nucleons. Thus they can supply the
most direct information on the interaction of hyperons in
nuclear matter, which is also essential for the study and
possible masses of neutron stars.
The hyperon is not Pauli-blocked by the nucleons and
thus can occupy the lowest energy level while providing
extra binding. This can make an unbound normal nu-
cleus bound (viz., the nucleus 9Li + n is unbound, but
9Li+Λ is bound), and may even lead to the production of
exotic nuclei beyond the normal drip lines. Hence hyper-
nuclei are an experimental testing ground to study how a
system of up- and down-quarks changes towards the full
flavor SU(3), when strange quarks are added implicitly
through hyperons.
The binding energy of various hypernuclei has already
been measured. To increase this number, experimen-
tal searches for neutron rich hypernuclei have been car-
ried out at JPARC, Japan [1], [2], and JLab, USA [3],
[4]. Also, there are proposed experiments like HypHI
[5], [6] at GSI, Darmstadt, Germany and NICA [7] in
Dubna, Russia. A review of some of the future research
activities can be found in [8]. These proposed experi-
ments will probe higher-mass hypernuclei and investigate
neutron-rich hyper nuclei towards the hypernuclear neu-
tron dripline, similar to investigations into the nuclear
dripline.
In this context we present a study of the position of
the drip line of magnesium isotopes and consider the im-
pact of an additional Λ hyperon on neutron-rich isotopes.
The calculations are based on a new parameterization
of a well-established SU(3) chiral effective approach for
studying hadronic matter and nuclei. The results are
compared to two different relativistic Walecka-type mod-
els, SPL-40 [9],[10] and NL3 [11].
The outline of the paper is as following: in section 2
the chiral model used for our calculation is described.
In section 3 we show the results for the dripline calcula-
tions. In section 4 the results are discussed and we give
a conclusion.
II. DESCRIPTION OF THE MODEL
The Frankfurt chiral model uses an effective SU(3)
sigma-omegamodel approach to describe nuclear physics.
A first version of the model was developed in [12] [13]
and has been stepwise expanded to describe cross-checks
with heavy-ion experiments [14], the inclusion of higher
baryon resonances [15] and neutron star physics [16].
In a paper preceding this work [17], nuclear binding en-
ergies were fitted. While this approach gives good results
for nuclear binding energies, it also produces a maximum
neutron star mass of just 1.64 M⊙. More recent neutron
star mass measurements by Demorest et al. [18] and An-
toniadis et al. [19] point to a maximum mass of neutron
stars of at least 1.97 ± 0.04 M⊙ or 2.01 ± 0.04 M⊙.
In order to keep the model up-to-date, certain key pa-
rameters have been reexamined. Among them are the
nucleon-omega meson coupling (gNω), the nucleon-rho
meson coupling gNρ, the vector-meson self-interaction g
4
4
and several other model parameters.
The degrees of freedom included in the model are the
baryon octet (n,p, and hyperons Λ,Σ+,0,−,Ξ0,−) and the
leptons(e, µ). The model uses an effective approach
where the mesons mediate the interactions between the
baryons. The relevant mesonic degrees of freedom in the
mean-field calculation preformed in these studies are the
vector-isoscalar ω and φ, the vector-isovector ρ and the
2scalar-isoscalar σ and ζ (strange quark-antiquark state).
The Lagrangian density contains the following terms
L = LKin + LInt + LSelf + LSB, (1)
where LKin is the kinetic energy term for the hadrons. In
addition there is an interaction term between the baryons
and the scalar and vector mesons
LInt = −
∑
i ψ¯i[γ0(giωω + giφφ+ giρτ3ρ) +M
∗
i ]ψi,
(2)
with the effective mass M∗i given by
M∗i = giσσ + giζζ + δmi. (3)
with a small bare mass term δmi. The coupling strengths
of the baryons to the scalar fields are connected via SU(3)
symmetry relations and the different SU(3) invariant cou-
pling strengths are fitted to reproduce the baryon masses
in vacuum (see ref. [16] for the values of the couplings).
The self-interaction terms for the scalar mesons read
LScalar = 1
2
k0χ
2(σ2 + ζ2 + δ2)− k1(σ2 + ζ2 + δ2)2
− k2(σ
4
2
+
δ4
2
+ 3σ2δ2 + ζ4)
− k3χ(σ2 − δ2)ζ (4)
+ k4χ
4 +
1
4
χ4ln
χ4
χ40
− ǫχ4ln( (σ
2 − δ2)ζ
σ20ζ0
)
where k0 ... k4 are numerical constants, and the vector
meson self interaction is given by
LV ec = − χ
2
2χ20
(m2ωω
2 +m2ρρ
2)
− g44(ω4 + 6βω2ρ2 + ρ4) + ... . (5)
Here we ignore the φ meson as we only want to study the
effect on nucleons (plus a single hyperon). The explicit
chiral symmetry breaking term is given by
LSB = m
2
pifpiσ +
(√
2m2kfk − 1√2m2pifpi
)
ζ. (6)
In the case of the baryonic octet we use an f-type
coupling between the baryons and vector mesons, which
yields coupling strengths as given by quark counting
rules, i.e. giω = (n
i
q − niq¯)gV8 , giφ = −(nis − nis¯)
√
2gV8 ,
where gV8 denotes the vector coupling of the baryon octet
and ni the number of constituent quarks of species i in
a given hadron. Here, we allow for some slight tuning of
the isovector channel (gNρ) to optimize the reproduction
of isotopic chains.
Before performing a full-scale study of all known nu-
clei, several test nuclei are selected, six crucial parame-
ters gNω, gNρ, g
4
4 , ǫ, β and r are varied and the resulting
nuclear binding energies are studied. These parameters
are the nucleon-ω coupling gNω, the nucleon-ρ coupling
gNρ, g
4
4 , which governs the self-interaction of the vector
mesons and ǫ, which governs a logarithmic term in the
scalar meson self-interaction and is usually very small.
The other two parameters are β, which controls mix-
ing terms between the ω and ρ meson, and the ratio r,
which controls how much of the mass of the vector me-
son is generated by the scalar fields (r=1). In this way a
parametrization is identified that best describes nuclear
binding energies.
The test nuclei used for this approach are a gen-
eral set from light to heavy nuclei, containing
16O,40 Ca,48 Ca,58Ni,90Zr,116 Sn,124 Snand208Pb,
a set for moderately heavy nuclei, containing
100Sn,110 Sn,116 Sn,120 Sn,124 Sn,130 Sn,132 Snand134Sn,
and a set for heavy nuclei, containing
182Pb,186 Pb,192 Pb,202 Pb,208 Pb,212 Pband214Pb.
After a good parametrization was found, the whole
even-even nuclei from the Wang-Audi-Wapstra data [20],
[21], [22], [23], [24] were calculated, leading to an average
error in the description of binding energies of 0.44%. The
resulting values for the parameters are listed in table I
Parameter Value
gNΩ 11.75
gNρ 4.385
g44 38.75
ǫ 0.0607
β 0
r 0.5
TABLE I: Parameters of the TS2 model parametrization.
and shall hence be called TS2. Additionally, the model
properties were tested in other realms such as the equa-
tion of state with a compressibility κ = 275.13MeV and
hyperon potentials at saturation density (Λ=-29.2 MeV,
Σ+=5.6 MeV, Ξ0=-19.5 MeV).
A main motivation for refitting the model parameters
was the attempt to reproduce the masses of observed
high-mass neutron stars. These observations give valu-
able insight how the equation of state behaves at very
large densities. To check the star masses, the Tolmann-
Oppenheimer-Volkoff equations for spherical stars was
solved with this parametrization. The maximum mass of
a neutron star within this model is 2.05 M⊙ at a radius
of 12 km (see figure 1). The maximum central density
reached in the core is ∼ 5.5 ρ0. As such, the model is in
accordance with current constraints on the neutron star
mass-radius relation.
3FIG. 1: Resulting mass-radius relation for neutron stars when
applying the equation of state.
III. RESULTS
We will now discuss the results obtained for the
dripline calculations of the magnesium and magnesium
+ Λ hypernucleus isotope chain. As a first test, known
one-Λ separation energies of already measured hypernu-
clei were checked. We find that all three models give
reasonable values about 0.5 to 1 MeV around the exper-
imental values.
Nucleus Experiment NL3 SPL40 TS2
4
ΛH 2.04 2.116 2.729 2.179
9
ΛLi 8.50 9.077 9.683 8.209
17
Λ O 13.59 12.688 12.854 12.260
41
Λ Ca 19.24 19.053 18.542 17.901
56
Λ Fe 21.00 22.356 22.356 20.362
139
Λ La 23.8 24.950 24.202 24.184
208
Λ Pb 26.5 26.310 25.183 25.432
TABLE II: Λ separation energies in MeV for various nuclei
and models tested. For the experimental values, see [33] and
references therein. The calculated results are from the NL3,
SPL40 and TS2 models.
Please note that there exist both conventions in the lit-
erature, A=N+Z and A=N+Z+Y, with A denoting the
nucleon or baryon number, respectively. We use the for-
mer one, A=N+Z, where the Λ is mentioned, but not
counted.
For the dripline calculations, we use a two-dimensional
code [17] to solve for the binding energy as a function
FIG. 2: 2-neutron separation energy S2nfor the magnesium
chain within the various models. As long as the energy is neg-
ative, it means that the next nucleus is more deeply bound. A
sign chain indicates instability with respect to neutron emis-
sion.
FIG. 3: 2-neutron separation energy S2n for the magnesium
chain plus a Λ hyperon added for the various models.
of the deformation of the nucleus. It is possible that
several minima arise at prolate or oblate deformation,
and the deepest minimum represents the energetically
most stable configuration of the nucleus within the model
approximations.
As long as the drip line is not reached, the addition of
a neutron increases the binding energy of a nucleus but
makes it more and more unstable. When the dripline is
reached, the system cannot gain any energetic advantage
anymore from adding another neutron. Hence the bind-
ing energy of the first unbound nucleus will be above the
minimum of the binding energy of the last bound nu-
cleus. In this way, the dripline can be calculated, which
is analogous to looking for a sign change of the neutron
separation energy S2n (2n in this case as we only consider
even-even nuclei).
4FIG. 4: Dripline calculation for Mg in the TS2 parameter set.
The dripline is at 42Mg, as by a slight margin it is deeper
bound than 44Mg. Plotted is the deformation on the x axis
and the total binding energy in [MeV] on the y axis.
Figures 2 and 3 show the sign change and hence, the
appearance of the dripline, for the magnesium and mag-
nesium + Λ isotope chain. Within our model, we can also
calculate the binding energy as a function of a specific
deformation. This gives additional insight into the mi-
croscopic structure of the nucleus, and differs from simple
liquid drop type calculations.
Overall, the general structure of the binding energy as
function of deformation with resulting competing oblate
and prolate minima is in accordance with other calcula-
tions [17, 25, 26].
Figures 4 and 5 show the important portion of the
calculation where the dripline is reached for both the Mg
and Mg + Λ isotope chain. It is noteworthy that the
last experimentally measured nucleus of the Mg isotope
chain is 40Mg [27]. In the TS2 model, we find that the
dripline is at 42Mg. If a Λ hyperon is added, this opens
up an additional degree of freedom, allowing for a wider
energy distribution and the addition of eight additional
neutrons, leading to a dripline at 50Λ Mg. The general
behavior of additional binding is expected in hypernuclei,
however the size of the shift is quite remarkable.
When redoing the calculations for the SPL-40 and NL-
3 parameter sets, the driplines are found to be 52Mg
and 46Λ Mg for SPL-40 and
46Mg and 46Λ Mg for the NL3
parameter set.
FIG. 5: Dripline for Mg with Λ in the TS2 parameter set.
The dripline is at 50Λ Mg. Plotted is the deformation on the x
axis and the total binding energy in [MeV] on the y axis.
IV. DISCUSSION AND CONCLUSION
The calculations of the stability region of Mg and
Mg+Λ show significantly different results for various
models. All models predict the Λ separation energies
of known hypernuclei with good precision, see table II.
When it comes to extrapolating to not yet experimen-
tally measured hypernuclei, results become very model
dependent. The SPL-40 parameter shows a rather inter-
esting behavior. In contrast to the common conception
that the addition of a hyperon does open up a new energy
pool and hence, allows more neutrons to be present up to
the fermi surface, here the opposite is the case. Instead,
the system becomes unstable and, if created, would eject
six neutrons to again reach the drip line.
Such a behavior would be very interesting. However,
we do not observe similar results with other models. Both
the NL3 and TS2 model confirm the general assumption
that the addition of a Λ makes the nucleus more stable.
However, all three models give different results for the
position of the dripline. In the NL3 model, the addition
of a Λ hyperon only changes the overall binding energy,
but not the position of the dripline. In the TS2 model,
the dripline changes from 42Mg to 50Λ Mg when a Λ is
added. When looking at the 2N separation energies, fig-
ure 3, the energy becomes almost zero for the TS2 model
around 44Λ Mg and
46
Λ Mg, but has a notable difference for
48
Λ Mg again. This could hint that, depending on the res-
olution ability of the model, the dripline could also occur
5earlier, at 44Λ Mg or
46
Λ Mg.
Summarizing, in this paper we have presented a new
parameterisation of a chiral flavor-SU(3) Lagrangian that
yields a good fit to nuclei as well as reproducing 2-solar-
mass neutron stars. Specifically, we presented the iso-
tope chain of Mg nuclei and the corresponding hypernu-
clei and compared results with other relativistic mean-
field approaches. While all three models describe known
low-mass hyper-nuclear Λ separation energies with good
precision, the extrapolation to more neutron-rich nuclei
remains theoretically challenging. Therefore, a main
result of the study is that such extrapolations to the
dripline have found to be very model-dependent. As an
intriguing result we have further shown that the stabil-
ity of neutron-rich nuclei can be substantially modified
by adding a Λ-hyperon, possibly shifting the drip-lines
considerably by up to 8 neutrons.
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